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The indefinite expressions in mathematics

Andrey Pavlov

Abstract—With help of a new system of coordinates from the
point of view of the reverse functions we obtain a two
z=f(r+A)=f(p), z=f(r+A)=h(r) equation, which are possible to be
considered as the equation of the one M graph on the complex
plane, (the set of points M=(z, f(p)): z=f(p) for all p, if pand z
are the complex variables), but z=h(r) is the M equation, and
z=f(r+A ) is the equation of a other set of point with point of
view of the revers functions, (moved to the left on the A>0, for
all the values of the complex r=p variable), r is the variable for
the (A,0) center of coordinates. In the situation z is the
unmoved variable, and p is the other designation of r.

Similar facts are proved without the use of reverse functions.
It is proved, that a two different variables are possible to be
considered as one argument in the primary system of
coordinates on the complex plane for the z = f(p) function: both
z=f(p) and z=f(P) equations are the M equation with P-A=p,
A>0. For all the p+A=s, r=p<P, z variables we obtain (s is
variable in the third system of coordinates with the (-A,0)
center). With help of the second theme in some other new
system of coordinates the M equations is a x-field of motions in
relation to some regular function (z=f(-x+iy) is the x-field of
motions in relation to the z=f(x+iy) function). It is proved, that
the M equation is possible to be considered as regular function
with point of view of other mathematical facts in the same new
the system of coordinates: in the system of coordinates instead
of the OX axis we consider the iOX axis, and instead of the iOY
axis we consider the OY axis. The M set of points is fixed.

We consider the surprising regularity of the transform of
Laplace from the transform of Fourier from the point of view
of the odd or even reflection of the transform in relation to the
center of co-ordinates too. As result, the transform of Laplace
from the transform of Fourier of S(x) is odd or even in usual
assumption about the S(x) function.

Keywords — Analytical functions different coordinate system
of coordinates, fields of complex functions, periodicity,
surprising regularity, transform of Laplace.

I. INTRODUCTION

. In the article in main situations the existence of new
equation of the fixed set of points (graph) is proved, if we
consider a new systems of coordinates on the complex
plane, (the 1,2,3 theorems [1,2]); we obtain the different
equations with only the P argument in the primary system

of coordinates. It is the first theme of the article, (sections
3) [2].

The second theme of article is considered in the fourth
part of the article (lemma 1) [2]. As result of the lemma 1
the transform of Laplace from the transform of Fourier of
S(x) is odd or even in the usual assumption about the S(x)
function. We obtain the surprising regularity of the
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LF2S(X)(-)(v) function in the full complex J
without some n points (the lemma 1), where

LF? = LR S(X)(-)(v) = T e“dtj3 e*™S(x)dx.

plane

The regularity is proved from the point of view of the odd
or even reflection of the LFiO function in relation to other

center of co-ordinates.

With other point of view it is the multiple-meaning
function, [1-4], (see the interesting example in the
conclusion too).

Both themes result in the paradoxical results. We will
illustrate the untraditional assertion for the first theme
with help of the obvious example [2]: we can consider the

regular Z= f(p) functions as in a primary coordinates
(with the 0,0) center of coordinates) so as in different
coordinate system, p € G ; the center of coordinates of the
second system is located in the (A,Q) point,

G plkA A <(0,0),0<7A<A,

I is the new complex variable in the new coordinate
system, where

z=h(r)=f(p+A)],,

is the new equation of the M set of points (graph) in the
second system:

M ={(z, f(p):peG[lz=1(p)},

G=pl<A. The M setisthe y=f(X) graph, if
p=Xe (—w0,0),Z=Y e (—o0,) . We can consider the
z=f(r+A) equation for r=p. For all r=p the
z=f(p+A) equation is the equation of M, , where
the M, set of points is the M set moved to the left on
the A value, p—A=r,7A<A [2].

It is obviously, for all r the z= f(r+ A) equation is
the z=f(p) equation of the M set; we use the

definitions of the second system of coordinates with the
p=r+ A variable (argument) in the primary system,

where z = f (r+ A)=h(r), (further r = p too).
(About the two different P+ A=P variables as one

argument in the primary system of coordinates see the
theorem 2 ; we will mark, that the two obvious variant are
the main rezone of the section 2 [2] ).

From the point of view of the reverse

fzil(z) = flil(z)
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functions with f,(z)=p, f,'(z2)=r for all the
p=r,z we obtain the new z= f(p+ A) equation of
the fixed M set,
fi(p)=f(p+A=Ffr+A)=1,(r)=z
forall p=zeG, f, (f(r+A)=f, (h(r)=r,
(f(p+A) = b, (F(r+A) =t
p+A=r+A,[2]: z=h(r) isthe equation of the M set
of points, f(p+ A)=1zis the equation of the M, set

of points, and in the situation z is the “unmoved” variable,
p is the other designation of r.

The example is the first interesting fact of the article.

In the theorem 1 we consider a constructive proof of the
example without the reverse functions, (see so the remark 2
in the second section) [2]. It is proved in the theorem 2, that
a two different variables are possible to be considered as one
argument in the primary system of coordinates on the

complex plane for the z= f(p) function [1]: both
z=1f(p,) and z= f(p,) equations are the M equation
with fixed M for all the A>0, but p—A=p,#p,,

and p=p,or p=p,.

The third theme of the article is considered in the
section 3. A new result we can obtain for the complex
z=F,(p)=F(p) xfield in the theorem 3, where, by
definition,

F (x+iy) = f (—x+1y)
forall p=X+I1y complex variables, p G, [2].

In the theorem 3 instead of the OX axis we consider the
iOX axis, and instead of the iOY axis we consider the OY
axis: it is the second K2 system of coordinates for the
fixed M set of points. If on the coordinate axes in the
primary system of coordinates we will change the X,y
variables by places, we obtain the third K3 system of
coordinates for the fixed M set of points. In the K3 system
the equation of the fixed M set of points (graph) is

z=u(y,X)+Vv(y,x)i= f(y+ix),
if the M equation is equal to
z=f(p)=u(y,x)+V(y, )i
in the primary system of coordinates. It is obvious, that the
M equation in the K3 system is the diagonal-field, (the
F,.(p) field in relation to the X =y diagonal, the precise
definitions are resulted in the section 3).

The QY, iOX axes of K2 system are the result of rotation

of the K3 system on the 772 angle and the change of the

new iOX direction on opposite, (from the last action the x-
field becomes some regular function in the K2 system in

relation to the (X,Y) variables). We obtain, that one of the
M equations in the K2 and K3 systems is the field and
the other equation is the z = f () analytical function [1],
(the same result we obtain from

z=f(@{(y+Xi)) |, = f(x+yi)=u+iv
in the K2 system).
For the fixed M set of points in the K2 system of
coordinates we get the two different equations [1,2] in the
same K2 system, (the theorem 3): the Z — X+Iy

representation correspond to the first
z= f(X+iy) =u+iv equation inthe K2 system, and
the z —IX+Y representation in the same K2 system of

the fixed M set of points correspond to the other second
equation. The last Z — IX+ Y representation in K3 system

is the diagonal-field (the "field of change™) as the
representation of the complex X,y numbers, (the theorem 3,

(2D).

Il.  NEW SYSTEMS OF COORDINATES

In the theorems 1,2 we proved the example of the
introduction without the use of the reverse f " function;
the z= f(p) function is regular in G=| p|<A,. By
definition, the

z=1(p) z=h(r) z=g(s)

equations are the equations of the M set of points in the
systems of co-ordinates with the (0,0), (A,0) and

(—A,0)  centers  of
A>0,7TA<A,.

Theorem 1.
From the point of view of the new system of coordinates

z= f(s)=h(r) forall
r+ A=se{| pl<7A}eG}r=np,

(instead of S+ A= P -the new P argument in the primary
system of coordinates), and the
z=1f(s)=h(P-A)
equations arethe M, and M equations for all the
z=1(s)=h(P-A),P=s5€G,

and P is the usual version of the p variable.
Proof.

We will consider two statements: the Z = f () equation
z="f(s—A) equation, (we use
S=p+AeG,peG) in the "left" system of co-
ordinates, A>0; the z=Tf(p) is  the
Z=h(r—A) equation with the same Z =12, and ' = p,
(we use z=Tf(p)=h(r—A) for all p=r) in the
"right" system of co-ordinates,S=pP+A p=r. We
obtain

coordinates accordingly,

is the

equation

z,=2=f(s—A)=h(r—A)
with all the

r+ A=seG,p=r
values. We obtain

z=f(s)=h(r)
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for all r+A=seG with other z. The z= f(S) is
the M, equalities, the Z =h(r) is the M equalities with
the r+ A =S association as in the "neighboring" systems
with the (—A,0) and (0,0) centers of co-ordinates,

(instead of r + A = P -the argument in the primary system
of coordinates)!?. We obtain

z=1f(s)=h((r+A)—A) =h(P-A),

where S=r+A=PeG. The z= f(s) is the M,

equalities, z=h(P—A) is the M equality, (we use the
Z=h(P) equality is the M, equality with the same
z=f(s)=h(P-A),s=r+A=PeG).

The theorem 1 is proved.
The remark 1 repeats the statement of the example of

introduction without the inverse f ™ functions too.
Remark 1.

The z= f(p+ A)=h(r) equality takes place with the
same r=p, 7TA<A),p=re[0,A], (p is the complex
variable (an argument) in the primary system with the
(0,0) center); r is the complex variable in the system with

(A,0) center, A>0. From the definition of the system
with the (—A,0) center p+A=S, and for the same z
we obtain Z= f(p+ A)= f(s)=h(r), s is the complex
variable in the system with (—A,0) center, A>0, the
f (p) function is regular in G, 7A< A, . We obtain
z="1(s),p=r,

(the M, equation), and Z =h(r) is the M equation
for the same p+A=S,r=p,z and the z=f(p+A)
is the equation as of M, soas M fortheall A>0.

Theorem 2.
From the point of view of the "left" and "right" system of

co-ordinates the two P=p,, P= P, versions of the p
variables take place for the same

M ={(z f(p):peGllz=f(p)},

set of points in the primary system of coordinates,

p,—A=p,eC
forall A>0, p,p,,peG,7TA<A,.
Proof.
By definition,

M ={(zf(p)): peG[lz=f(p)}
p is the complex variable [1-4]. The M set is the Y = f (X)
graph, if
p=Xe(—0,0),z=Y e (—0,0).
As in the introduction the
z=F(p-A)[,=9(P)|,-s=9(s)
equality takes place with S=p > A,

p>A p=se[A2A]
(P - the complex variable (an argumént) in the primary
system with the (0,0) center); S- the complex variable in
the system with (—A,0) center, A> 0. In the equalities p
is the first version of the variable for the z= f(p)
function, p=p, > A..
By definition, the z=g(S) equation of the M set is

equivalent to the z= f(p) =g(S) equation of the same
M set of points, but in the new system of coordinates with
the S variable, S€[A,2A, p=S,A>0, and p is the
second version of the p argument in the primary system of
coordinates, p = p,,but p, < p, [2].

The theorem 2 is proved.

I1l.  THE MOVED X-FIELDS AND THE REGULAR FUNCTIONS

In the section we consider the complex
z=F(p)=F(p) field F (p)=f(—x+iy) for all
p = X-+1y complex variables,, p € G,

G={p:lpl<A}LA >0 [1-4
The field we will name x-field of motions in relation to
f(p) function, p=x-+iy, F,(p)= f(x—iy) we will
name y-field of motions in relation to f(p) function,
p = X-+1y . The second

Faa (P) = F(y+ix) =u(y, X) +Vv(y, X)i
field we will name diagonal-field of motions in relation to
f (p) function, p=X-+iy, (diagonal-field relatively the
X =Y diagonal). It is obvious,
f(y+ix)= f(i(-yi+Xx)),

and F,. (p) is y-field of motions in relation to f (ip)
function [1].

Theorem 3.

In some new system of coordinates (in the K2 system of

coordinates) the M equations is x-field of motions in relation
to some regular function, and the fixed M equation is
possible to be considered as regular zZ= f(p) function
with point of view of other mathematical facts in the same
K2 system of coordinates for the all peG.

Proof.

If instead of the OX axis we consider the iOX axis, and
instead of the iIOY axis we consider the OY axis, we obtain
the second K2 system of coordinates. If on the coordinate
axes in the primary system of coordinates we will change
the X, Y variables by places, we obtain the third K3 system

of coordinates. In the K3 system the equation of the fixed M
set of points (graph) is

Z=u(y,x)+V(y,X)i = f(y+ix) = F;.(p).

It is the diagonal-field in relation to the f () function in
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the K3 system of coordinates. We will mark an useful fact:
the OY,iOX axes of K2 system are the result of rotation of
the K3 system on the 772 angle and the change of the new
iOX direction on opposite. As result one of the M equations
in the K2 or K3 systems is x-field of motions in relation to
some regular f (Zip) function, and other the M equations
is a regular function, (for the fixed M set of points). But it is
obviously, the both M equations in the K2 and K3 systems
are not regular functions: the M equation in the K2 system is

the diagonal-field of motions in relation to f () function

in the K2 system of coordinates. But, as result of the rotation
and the change the M equation is equal to the

z=f(p)=u(x y)+Vv(Xy)i
equality, and, simultaneously, from the definition of the
Z — X+ Y representation we obtain, that the

z=f(p)=u(y,x)+v(y,x)i
equality is the other equality of the fixed M set of points in
the same K2 system.
We can use, that the Z — X+1y representation for the

z= f(X+1y)=u+iv equation in the K2 system is not
Z—>y+ix
z= f(X+1y)=uU+iv equation in the same K2 system.
By definition, the Z —>iX+Y representation in theK2

equal to the representation for the

system is the diagonal-field of motions in relation to f (p)
function in the K2 system of coordinates (in relation to the
Z=Uu(Xx,y)+iv(X,Y) equalities in the K2 system), (see
.Mathematical Physics and Computer Simulation, vol. 27,

no.4, pp. 17-22, 2024).
The theorem 3 is proved.

IV. THE REGULARITY OF THE TRANSFORM OF LAPLACE

The main result of the part is the lemma 1 [8].
By definition,

Tcosva(x)dx =C°S(x)()(v) =C°,

T sinxv S(x)dx = S°S(X)(-)(v) = S°,v € (—o0, ),
Cs” =C’[S°S()()W)IO)®),

$°C° =S"[C°S(X)(OIWI)(®).t €[0,0),
L, =L, S(X)()(V) = j eS(x)dx,L =L,

o0

R = F'S()()() = [ ™S (x)dx,

L is the transform of Laplace,

LF? = LF2S(X)(-)(v) = T e“dtT e*™S(x)dx,

LF? = LLF’S()()(v) = [ e"dt[ e™s (x)dx,
0 0

F. = ES000) = [ e S(0dx = F.S()0(v),

S(p)

function is regular in J without some the p,...p, points,
P, & (—0,0) N p, & (—lo,ixn),k=0,1..n,
(the S(p) function can be regularin J ), S(0) =0,
[S(P)II " =0, pl>o0

for come o >0, = const.
We can consider the functions

Lhgn (P) = LF = LE’S(x)()(p),Re p 20,

V € (—o0,00).We use the Y1 condition: the

Lew =L.F’ = L.E’S()()(p),Re p<O0.
Lemma 1.
The L%y (P) function is regular in J , if the Y1

condition takes place.
Proof.

The +L0. =+L F’S(X)(-)(p) function is the odd or
even reflection of the
Lgne (P) = LES(x)()(p)

function from the right part of the plane in the left part of
the plane in relation to the center of co-ordinates.

Letus S(—p)=—-S(p) in the area of the definition.

For the +L(I)eft function we consider the

L.(p) = L?ight(p) + Lt (P)

sum for the +L(|)eft function. The Ly (p) sum is equal to

its reflection from the right part of the plane in the left part of
the plane, and we obtain

L:(p) =Ly (=p)
for all p from the area of the definition of the
L, (p) function.
From the definition

Lrign: (i) + L (i) = 2C°[C°S () (YW ()(Y) +
+H2C[S"S(x)(YWMIO(Y) =

=S(y) +iC7[S"S () (YWI()(Y) = Ly (iy),
y € (—o0,00). As the C°[S°S(X)()(V)]()(Y) function
so asthe S(P) function are regular in J without some
N <oo points, and we obtain, (it is well known [1=4]) , and
we obtain, that the L, () function is regular in the same

area, (in J without some N<oo points). We get, that
LZ (_ p) = L( p)1

and the Lz(p) function is regular in J  without some
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n<oo points, if S(—p)=-S(p).
To prove the lemma 1 we can write

lim L(p)=_lim L. (p),

p——x,Imp>0 p——x,Imp<0
and

lim L?ight(p) = lim

p—>—x,Imp>0 p—>—x,Imp<0
p=Xe(—0,0]

The facts about the continuity of the functions on the full

complex axis, and the L?ight (p), Lys (P)

I-?ight ( p)

regularity is
well-known, if
piyny e (0,+0)for Ly, (p),

p#iynye(-»,0) for Ly, (p),
and S(0)=0.
If S(—p)=S(p),we can consider the

L_(p) = g (P) — L (P)

function with help of the L_(—p) =—L_(p) equality.
The lemma 1 is proved.

As result of the proof the lemma 1 we obtain, that the
C[C’S(X)()(W)]()(t) function is regular in J
without some N < oo points with the
C*[C"S(x)(YWIC)(E) = C°[C S () (YWI()(-1)
equality for all t € (—oo,+0), if
S(—t) =-S(t),t € (—o0, +0).
From the lemma 1 we obtain, that the LLS(X)(-)(p) is
regular function too, while
~(WI)LLS()()(p) = L F’S()()(p/i)-
for all p#—-yNYye(0,+0). The fact conflict with
well-known equalities
|_(iy) =-zs(y) +iIml_(iy),]_(p) = L F’S(x)()(p),Re p <0,
1, (iy) = zs(y) +iIml, (i), 1. (p) = L F’S(X)()(p),Re p 20,
.(p) =1_.(p), p=ly,y (0, +0),
where |, (iy) =1_(iy), y € (0, +0), (see about the fact in

the works of I.1. Privalov). A similar paradox we consider in
conclusion.

With help of the consideration of lemma 1 we can prove,
that for the

L. (p) = 2C°[LS()()W)IC)(iy) = LLS(X)()(iy) +
+LLS()()(-1y)

functions takes place the L (—p)=L.(p) equality, and
for the

L, (p) =28"[LS()()W)I()(P) = LLS(X)()(iy) -

—LLS()()(-1y)

function takes place the L (—p) =—L.(p) equality.
With help of the wall-known ([2-4])

CILSCIC)W)IOX) = LIS"S()(YMIC)(X)

and

SILSC)C) W)X = LIC°S()OMI)(X)
equalities we get, that the transform of Laplace is odd and
even, if the S(p)function is even and odd in the Y1
condition of the lemma 1.

V. CONCLUSION

The methods of the first theme (related to new co-
ordinates) result in many new surprising facts, for instance:

the z=g(a—s) and z= f(—a—p)is the result of
reflection of the M set of points of the f (p)function in

relation to the (—A/2,0) points in the primary system of
co-ordinates (with the p variable) and in the “left” system
of co-ordinates with the (—A,0) center (with the s

variable and the z = g(S) equation in the “left” system);

(the (—A/2,0) and (—A,0) coordinates we consider in
the primary system with the (0,0) center); but the
z= f(—a— p) equation in the form

z=f(P-a)=9g(P)|p__=9(-5)|:2=9(-9)
is not equal to the Z=g(a—s) equation of the same
reflection [2].
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